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In analogy with f.d. linear algebra over C one
proposes

REFINEMENTS
of the simplest topological invariants of X and
(X,€ € H'(X,Z)), X a compact ANR,

associated to a continuous
REAL or ANGLE VALUED MAP
defined on X.

D.Burghelea Homological spectral package.



In analogy with f.d. linear algebra over C one
proposes

REFINEMENTS
of the simplest topological invariants of X and
(X,€ € H'(X,Z)), X a compact ANR,

associated to a continuous
REAL or ANGLE VALUED MAP
defined on X.

This work is :

e implicit in joint work with S.Haller (Vienna)

e influenced by joint work with Tamal Dey (OSU- Columbus) and Du
Dong (Shanghai)
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Basic topological invariants

Fix a field &

Space X :
S (W[HA(X), B(X) =dim H(X)|
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Basic topological invariants

Fix a field &

Space X :
S (W[HA(X), B(X) =dim H(X)|

Pair (X;¢ € H'(X; 7)) :
L (2) HN(X,€), BN(X,€) = rank HN(X, €)

.. (3.) Alexander Polynomial(s) | A-(X, £)(2)
r=0,1,2,--- ,dimX
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Novikov homology :

° (X,¢8)= X — X infinite cyclic cover associated to &.
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Novikov homology :
° (X,¢8)= X — X infinite cyclic cover associated to &.
@ X compact ANR = H,(X) .af.g. x[t~", {] module
@ X compact ANR = | HV(X; ¢) := H,(X)/ TH.(X)
af.g free x[t~", {] module

D.Burghelea Homological spectral package.



Novikov homology :

° (X,¢8)= X — X infinite cyclic cover associated to &.
@ X compact ANR = H,(X) .af.g. x[t~", {] module

@ X compact ANR = | HV(X; ¢) := H,(X)/ TH.(X)
af.g free x[t~", {] module

@ X compact ANR = TH,(X) a x[t~", {|}—module which is a
f.d. k—vector space.
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Novikov homology :

° (X,¢8)= X — X infinite cyclic cover associated to &.
@ X compact ANR = H,(X) .af.g. x[t~", {] module

@ X compact ANR = | HV(X; ¢) := H,(X)/ TH.(X)
af.g free x[t~", {] module

@ X compact ANR = TH,(X) a x[t~", {|}—module which is a
f.d. k—vector space.

BN(X; €) := rank HN(X; ¢) |the Novikov Betti numbers.
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If « = C by "completion”

@ C[t7',f] ~ L>=(S") a von Neumann algebra.

o HN(X : &) ~ H2(X) finite type L>°(S')—Hilbert module
and BN(X; ¢) = dim,n(H2(X)).
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If « = C by "completion”

@ C[t7',f] ~ L>=(S") a von Neumann algebra.

o HN(X : &) ~ H2(X) finite type L>°(S')—Hilbert module
and BN(X; ¢) = dim,n(H2(X)).

r-Monodromy:
V, =TH/(X
Vi, T : Ve = V) = ' r() .
T = multiplication by t
Allexander polynomial:
The characteristic polynomial of T,.
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New invariants - configurations

Configurations of points in Y with multiplicities in N

Confa(Y) :={5:Y =N | > d(y)=n}=Y"/5,
y

Configurations of points in Y indexing subspaces of V

confy(Y):={3:Y > 8(V) | Piy) = V}
y
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New invariants - configurations

Configurations of points in Y with multiplicities in N

Confa(Y) :={5:Y =N | > d(y)=n}=Y"/5,
y

Configurations of points in Y indexing subspaces of V

confy(Y):={3:Y > 8(V) | Piy) = V}
y

Note that:

@ Y =C = Confy(Y) = C" and identifies with degree n—
monic polynomials.

@ Y=C\0= Confy(Y)=C"" x (C\O0) and identifies with
degree n— monic polynomials with nonzero free coefficient.
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LINEAR ALGEBRA 1

SYSTHEM (V, T: V — V)

V f.d. complex vector space.
T :V — V linear map

_—
SPECTRAL PACKAGE
dmV =n eN
21,20, 3 Zk—1, 2k € C,; eigenvalues
N, No, -+, Nk_1,N, < N; multiplicities
Vi, Vo, -+ V1, Vik  C V, generalized eigenspaces

PROPERTIES :dmV =>_n;, dmV,=n;, V=8V,
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geometrization

5T =

{

21,22,
ny, ng,--

© 3 Zk—1,Zk
© s Ng—1, Nk

finite configurations of

points with multiplicities

st.) 07(z) =dimVv

=

ST=PT(2)=(z—21)"(z2— 20)"2--- (2 — zx)™
the characteristic polynomial, n = dim V.

finite configurations of

S
\1
Il

{

Zy,2p,
V17V27"

s Zk—1, Zk
-y Vi, Vi

points indexinig " disjoint”
=

subspaces of V

st. @07 (z)=V

6T e Confy(C), 6T € Confy(C)



basic properties

@ (Stability) L(V,V)> T~ 6T(2)=PT(z) e C"is
continuous

@ (Duality) 67 =467

© Foranopenanddensesetof T e L(V,V), 67 (z)=0o0r1

© (Computability) P7(z) can be calculated with arbitrary
accuracy.

One regards 67 = P7(z) as a refinement of dim V,

One regards 47 as an implementation of the refinement §7.
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TOPOLOGY ; real valued map

SYSTHEM (X,f: X — R)
X a compact ANR,

f continuous,
x a field, Hy(X) := Hy(X; k),
r € Np.

HOMOLOGICAL SPECTRAL PACKAGE
dim H,(X) = B,(X) ; Betti number

Z1,20,++ , Zk_1,Zk € C;barcodes
Ny, No, -+, Nk_1, Nk € N; multiplicities
Vi, Vo, -+ Vik_q, Vi; quotients of subspaces of V.

Br = Yo mi, dim Vi =, V ~ @V,
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@ V;=L;/L; are quotients of subspaces of H,(X),
L; c L; C H/(X), essentially disjoint

@ If H,(X) has an inner product then V; is canonically
realizable as a subspace of H,(X) with V; L V;, i #j.
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geometrization

finite configurations of

= { points with multiplicities

.Y 0H(z) = B(X)

=Pl 2)=(z—21)"(z—20)" (2 — 2)™
the homological characteristic polynomial.

finite configurations of points
o ) Z422,0, Zk—1,2k . .
oy = = ¢ indexing subspaces of H;(X)
V'I) VZ)"' ) Vk717 Vk of
s.t. @ 0,(zi) = Hr(X)

8} € Confs,(x)(C), 8] € Confy,(x)(C)
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TOPOLOGY; angle valued map

SYSTHEM (X,f: X — S")
(X,f: X = SH— & € H(X; Z)
X a compact ANR,

f continuous,
r a field, HN(X; &) = H(X)/TH,(X)
r € Np.

f: X — R denotes the infinite cyclic cover of f
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HOMOLOGICAL SPECTRAL PACKAGE

rank HY(X; &) = BN(X; &) ; Novikov — Betti number
21,22, ,Zk_1, 2k € C\ 0; exponentiated barcodes
Ny, No, -+, Nk_1, Nk € N; multiplicities

Vi, Vo, , Vik_y, V; free [t™!, t] — modules.

V; = L;/L; quotients of free x[t~', t]—submodules of HN(X; &),
L; C L; € Hy(X), essentially disjoint

B,I»V = Zi n;, rank V; = ni,H?](X; &) ~ PV,
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If x = C and a C[t~', f]—inner product by completion
HN(X: ) is replaced by the Hilbert module H2(X)

and the configuration of free C[t~", t] by configurations of
mutually orthogonal closed Hilbert L>(S")—submodules.
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geometrization

finite configurations of
Z1,20,+, Zk-1,Z . . e
6£ = { ez ket gk = points with multiplicities in
m,ng,---, nNg_1,Ng :
’ C\Os.t.> 6l(z) = B(X; &)

(5;{ = P;(z) =(z—- 21)”1 (z— 22)”2 o (z - Zk)nk
the homological characteristic polynomial of degree SN(X;¢).

finite configurations of points

o
=~ =
Il

21,20, ,  Zk_1,Zk indexing submodules of
Vi, Vo, -, Vi1, Vi HN(X; €)s.t.
®o/(z)) = HY'(X: €)
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Definitions of ¢/ and o

For f: X — R a proper map
a,beR,kafield

Denote:

Xg := 1((— o0, &) sub-level
Xb = f~1([b, o)) over-level
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Definitions of ¢/ and o

For f: X — R a proper map
a,beR,kafield

Denote:

Xg := 1((— o0, &) sub-level
Xb = f~1([b, o)) over-level

Define:
@ I(r) :=img(Hr(X3) — Hr(X))
® 1°(r) := img(Hr(X?) — H/(X))
@ Fy(a,b) :=1Ta(r)NI°(r)
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@ Observe

a<a,b <bimplyF,(a,b)CFra,b).
@ Prove

F,(a, b) finite dimensional.
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@ Observe
a<a,b <bimplyF,(a,b)CFra,b).

@ Prove
F,(a, b) finite dimensional.

o Define|F/(a,b,¢) := F/(a,b)/F,(a— ¢ b) + F(a b+ e)|for
e>0

@ Observe that ¢ > ¢’ induces a surjective map

Fr(a, b;€') — F/(a, b; ).
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@ Observe
a<a,b <bimplyF,(a,b)CFra,b).

@ Prove
F,(a, b) finite dimensional.

o Define|F/(a,b,¢) := F/(a,b)/F,(a— ¢ b) + F(a b+ e)|for
e>0

@ Observe that ¢ > ¢’ induces a surjective map

Fr(a, b;€') — F/(a, b; ).

Definition
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The case of / : X — R, X compact.

Define

6l(z) = dl(a,b),z=a+ib

5f(z) = di(a,b),z= a+ ib.
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The case of f : X — S', X compact.

@ Consider f : X — R an infinite cyclic cover of f.
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The case of f : X — S', X compact.

@ Consider f : X — R an infinite cyclic cover of f.

@ Observe that )
@ t:d/(a b) — df(a+2r, b+ 2r) is an isomorphism and
@ Jd(ab)=d/(a+2r b+2n)
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The case of f : X — S', X compact.

@ Consider f : X — R an infinite cyclic cover of f.

@ Observe that )
@ t:d/(a b) — df(a+2r, b+ 2r) is an isomorphism and
@ Jd(ab)=d/(a+2r b+2n)

@ Define

51(z) = df (a, b)|, z = elb-2)+

Sﬁ(z) = @ Hf(a + 27k, b+ 27k) |,z = elb—a)+ia
k
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Main results

The values t € R is CRITICAL if the homology of the levels of f
changes at t. Cr(f) = the set of critical values of f.
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Main results

The values t € R is CRITICAL if the homology of the levels of f
changes at t. Cr(f) = the set of critical values of f.

1. ﬁsuppéf < 5!()()7 Zzeguppéﬁ 5;(2) = /8;
2. For an open sense set of maps f, §1(z) = 0 or 6f(z) = 1.
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Proposition

0 Ifz=a+ibe suppé; then both a, b € Cr(f).
e z = (a+ ib) € suppd ,f above or on diagonal implies [a.b] is a closed r—bar code.

e z = (a+ ib) € suppd ,f below diagonal implies (b, a) is an open (r — 1)—bar code.

ogical spectral package.



The assignment C(X,R) > f ~ [ € C is continuous.

If M" is a closed x— orientable topological n—dimensional
manifold then

51(2) = 657 (~72)

The same remains true for the configuration 47
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Suppose f is an angle valued map

Theorem

1. gsuppdf < BN(X), X sesuppst 01(2) = B (X: €)
2. For an open sense set of maps f, §1(z) = 0 or §{(z) = 1.

N

Proposition

@ 1z =21~ ¢ supps] thenboth a, b € Cr(F) = {t | e € Cr(f).
z outside or on the unit circle implies [a, b] is a closed r— bar code.
z inside the unit circle implies (b, a) is an open (r — 1)—bar code.
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The assignment C(X,S') > f ~ 6f € C#'~1 x C\ 0 is
continuous

If M" js a closed x— orientable topological n—dimensional
manifold then

6/(2) = 6,1 (~12)

The same remains true for the configuration 4
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Applications

In view of effective computability of the configuration 67 the
result can be used to :

@ Applications in topology: Calculation of Betti numbers,
Novikov Betti numbers Refinements of Morse inequalities .

@ Applications in data analysis: Homological recognition
of shapes which can be manifolds. Homological
differentiations of shapes.

@ Applications in geometric analysis: Refinement of
Hodge de Rham theorem on compact Riemannian
maniflods, Canonical base in the space of Harmonic forms

@ Applications in dynamics: for dynamics of flows which
admit an action
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